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ABSTRACT— In this study, the self-guiding of an 

ultrashort laser pulse through air is investigated. 

Therefore, the terms of self-focusing, plasma 

defocusing and the pulse energy depletion due to 

the ionization, are considered in the wave 

equation. Then the laser pulse spot size equation 

is obtained using the source-dependent 

expansion method. Our results show that the 

laser pulse self-guiding occurs for the first 

twenty Rayleigh lengths. However, the laser 

pulse undergoes diffraction as it propagates 

further along the z axis. Moreover, it is seen that 

the back of the laser pulse is diffracted the most 

owing to the fact that the plasma is formed as the 

laser pulse propagates through air. It is also 

shown that the spot size variations affect the 

temporal and spatial profiles of the laser 

intensity, the laser pulse power and the 

ionization process.  

KEYWORDS: Laser spot size, Multiphoton 

ionization, Plasma defocusing, Self-focusing, 

Self-guiding. 

I. INTRODUCTION 

In the interaction of high-intensity laser pulses 

with a gas, there is a possibility of non-linear 

phenomena due to the plasma generation [1]-

[2]. So that the combined effects of diffraction, 

self-focusing, ionization and the resultant 

plasma formation play an important role in the 

laser pulse propagation [3]-[9]. Laser beam 

propagation over long distances has many 

applications such as X-ray production, remote 

sensing, Raman amplification in plasmas, high 

harmonic generation, formation of long 

filaments in the atmosphere, THz radiation and 

etc. [3]-[8]. However, due to the effects of 

diffraction and plasma formation, which cause 

the divergence of the laser pulse, it is not 

possible for the pulse to propagate more than a 

few Rayleigh lengths (the length in which the 

beam propagates without noticeable 

divergence) [3]-[8]. On the other hand, the 

effects of diffraction and the plasma defocusing 

can be balanced by the laser pulse self-focusing 

in which the medium acts as a converging lens 

due to its nonlinear properties. 

In the interaction of the ultrashort laser pulses 

with gas, the generated plasma increases the 

electron density which causes the refractive 

index reduction resulting in the laser pulse 

defocusing. On the other hand, increment of the 

relativistic mass of the electron and the 

decrement of the axial electron density caused 

by the ponderomotive force increase the 

refractive index which results in the focusing of 

the laser pulse. Therefore, if the effects of the 

self-focusing, diffraction and the plasma 

defocusing cancel out, the laser pulse 

propagates for long distances without 

convergence or divergence. This phenomenon 

is called the laser pulse self-guiding [3]-[9]. 

Self-channeling of a femtosecond laser pulse 

into filaments and its resultant propagation 

through distances greater than 20 m was first 

observed by Braun, et al. in 1995 [10]. Their 

work was followed by several experimental 

studies in which the self-guiding of the laser 

pulse or the generated plasma channels (as a 

result of the laser self-guiding) were 

investigated under different conditions [6]-[9], 

[11]-[12]. The application of these phenomena 
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for the triggering and guiding of the electric 

discharge or the weather control were also 

studied [13]-[16]. 

On the theoretical side, some studies 

investigated the propagation of ultrashort laser 

pulses under the effects of different linear and 

nonlinear processes in which the self-guiding of 

a laser pulse was also investigated in a 

background gas (N2 for instance) [2], [17]. The 

other works studied the self-focusing and 

guiding of a laser pulse in an ionizing gas or 

investigated the formed plasma channels in the 

tunneling ionization regime [3]-[4], [18]. 

However, as some of the main applications of 

the laser pulse self-guiding (including 

lightening protection and control, atmospheric 

remote sensing, weather control and induced 

lightening involving the rain or snow initiation) 

are based on the laser pulse self-guiding and its 

filamentation in air [13]-[16], and also due to 

the nonlinear nature of the process, there is a 

need to investigate the process in air instead of 

a background gas. 

Therefore, in this study, the self-guiding of an 

ultrashort laser pulse in air (0.8N2+0.2O2) is 

investigated. For this purpose, the terms of 

plasma defocusing, self-focusing, and the pulse 

energy depletion due to the ionization are kept 

in the general equation of the laser pulse 

propagation. Then the equation of the laser spot 

size is obtained using the source-dependent 

expansion (SDE) method. This equation is 

numerically solved and the temporal and spatial 

distributions of the normalized laser spot size, 

power and intensity are given. 

It is noteworthy that in the short and intense 

laser-matter interactions, the ionization regime 

is determined based on the value of the Keldysh 

adiabaticity parameter which is defined as 

/ 2ion qU =  in which 
q  is the quiver 

energy of the electrons in the laser field. If 𝛾<1, 

the ionization occurs in the tunneling ionization 

regime while the multi photon ionization would 

be the ionization mechanism for 𝛾>1. As in our 

work, the Keldysh adiabaticity parameter is 

greater than one, hence the ionization occurs in 

the multiphoton ionization regime [1]-[4]. 

Our results are applicable for the prediction of 

the optimum conditions for the laser pulse self-

guiding to occur.  

II. MATHEMATICAL MODEL 

A. The Governing Equations 

To investigate the self-guiding mechanism of a 

laser pulse, the 3-D propagation equation of a 

laser pulse in a nonlinear medium, with the 

terms of laser self-focusing (Kerr effect), the 

plasma defocusing and the pulse energy 

depletion due to the ionization, is used. With the 

transformation of variables from (z,t) to (z,τ), 
where / gt z v = −  ( gv is the group velocity of 

the laser pulse), the propagation equation 

becomes as follows [2], [17]: 

( )

( )

22 2
22 0 0 2

0 2
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ion e

n
ik r z
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U n
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where ( ), ,r z  , ionU , 0n , en , c, p , 0k  and 

0  are the complex amplitude of the laser 

electric field, the ionization energy of the gas, 

the linear refractive index of the medium, the 

electron density, the light speed, the plasma 

frequency, the wavenumber and the frequency 

of the laser pulse, respectively. 2  is also 

related to the nonlinear part of the refractive 

index. It is noteworthy that the first, second and 

third terms on the right-hand side of Eq. 1 refer 

to the laser pulse self-focusing, the plasma 

defocusing and the pulse energy depletion due 

to the ionization, respectively. 

The complex amplitude of the laser electric 

field is defined as Eq. 2: 

( ) ( )

( )   2 2

, , ,

exp , 1 ( , ) ( , )s

r z z

i z i z r r z

 

    

 = 

− +
 (2) 

where ( ),z  , ( ),z  , and sr  are the electric 

field amplitude, phase and the laser spot size 

and  is related to the laser beam curvature. 

Using the SDE method and by defining 
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where the following equations for B,  , sr  and 

  are obtained [2]. 
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s
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
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
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where i and r indices refer to the real and 

imaginary parts of F and G. 

It is noteworthy that the electron density obeys 

the following equation [2], [17]:  

e
n

n
W n

t


=


 (11) 

where W  and nn  are the ionization rate and the 

background neutral density, respectively. 

Using the multiphoton ionization rate for air, 

( )
02 ( , , )

1 !

l

mp

mp

I r z
W W

l I

  
= =   −  

 (12) 

2 2, , ,0.8 0.2mp air mp N mp OW W W= +  (13) 

and using 2 2

0( , , ) ( , ) exp( 2 / )e e sn r z n z lr r = − , 

on the axis electron density equation becomes: 
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 (14) 

where, l  is the number of photons needed for 

the multiphoton ionization to happen and 
2

0mp mpI  = . 

Using the laser power equation 

( )2 2( , ) 16sp z cr =   along with Eqs. 3-14, the 

following equations are derived for the laser 

pulse power [2], [17], and the laser spot size. 
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where 2

2/ (2 )NLP  =  is the nonlinear 

focusing power, 2 2/er q mc=  is the classical 

electron radius and ( ) ( )
( )2

2 ,
,

,s

p z
z

r z




 
 = . 

B. The Numerical Method 

To investigate the variations of the laser pulse 

spot size, Eqs. 14-16 are numerically solved 

using the finite difference method. The used 

initial and boundary conditions are as follows; 

( )
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 (17) 

( ) 2( 0, ) 2 0, / (0, )sI z P r   = =  (18) 

0( , 0) , (0,0) 0,eI z I n = = =  (19) 

00 0
, and 0s sz z

r r r z
= =
=   =  (20) 

while the model parameters are listed in the 

following table.  

III. RESULTS AND DISCUSSION 

The spatial distribution of the normalized laser 

spot size at =0, 15, and 120 fs with and without 

inclusion of the pulse energy depletion (the 

third term on the right-hand side of Eq. 1 is 

depicted in Fig. 1. It is noteworthy that the laser 

spot size is normalized to r0 and the distances 

along the z axis are also normalized to the 

Rayleigh length (zr). 

As it is clear, the pulse undergoes diffraction as 

it propagates along the z  axis. To be more 

precise, the laser pulse spot size remains almost 

constant (normalized spot size is approximately 

equal to 1) up to z=20zr and then the laser pulse 

starts to diffract. This implies that the laser self-

guiding occurs up to z=20zr after which the 

diffracting factors dominate the optical Kerr 

effect and its resultant self-focusing influence. 

This is due to the fact that the natural diffraction 

increases with the laser pulse propagation along 

the z axis. Moreover, the plasma density 

increases as the laser pulse passes through. 

Therefore, the defocusing effect of the plasma 

increases leading to the spot size increment 

with z. 

Table 1. The model parameters 

Parameter Value 

λ 0.775 µm  

r0 50 µm  

η2 5.6×10-19 cm2/W 

I0 4.3×1013 W/cm2 

σmp 6.4×10-18 cm2 

Uion (N2) 15.6 eV 

Uion (O2) 12.1 eV 

Pulse Duration 120 fs 

dt 120×10-18 s 

dz 0.01 cm 

 

Moreover, as τ=0 and 120 fs, indicates the front 

and back of the laser pulse, it is seen that the 

diffraction occurs with a faster rate for the back 

of the laser pulse. This is due to the fact that the 

air starts to ionize as the laser pulse passes 

through; therefore, the back of the pulse is 

affected more by the formed plasma and its 

defocusing effect and as a result, it is diffracted 

more in comparison with the laser pulse front. 

In addition, as the laser pulse starts to diffract 

from its front and back; thus, the time of τ=15 

fs which is within the body of the laser pulse, 

has the slowest diffraction rate. 

The temporal distribution of the normalized 

spot size at z=10zr, 25zr and 40zr with and 

without inclusion of the pulse energy depletion 

is shown in Fig. 2. As it is clear, the laser pulse 

spot size is almost constant with   for z = 10zr 

which is due to the fact that at the early stages 

of the laser pulse propagation, the plasma 

density is not high enough to defocus the laser 
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pulse effectively and as a result, the laser pulse 

self-guiding occurs approximately up to z=20zr 

(Fig. 1). Therefore, it is expected that the spot 

size variations become more pronounced for 

z>20zr. This fact is clear in parts (b) and (c) of 

the figure. At z = 25zr, the normalized spot size 

varies between 0.92 and 1.31 while the 

variation becomes more noticeable for z=40zr in 

which the spot size varies between 0.95 and 

2.94. This confirms the increment of the pulse 

diffraction with distance. 

 
Fig. 1. The spatial distribution of the normalized 

laser spot size at (a) τ=0, (b) τ=15 fs, and (c) τ=120 

fs with inclusion (solid line) and without inclusion 

(dashed line) of the pulse energy depletion. 

Moreover, due to the fact that the pulse starts to 

diffract from its front and back, it is expected 

that the minimum of the normalized spot size 

occurs within the body of the laser pulse in 

comparison with its front (τ=0 fs) and back 

(τ=120 fs). The existence of these minimums is 

clearly noticeable in parts (b) and (c) of the 

figure which is also in accordance with the 

results presented in Fig. 1. 

Paying attention to Figs. 1 and 2, it is clear that 

the pulse energy depletion does not have an 

effective role in the laser pulse self-guiding. As 

it is seen, the obtained curves with and without 

inclusion of the pulse energy depletion (solid 

and dashed lines in all panels of both figures) 

are almost the same.  

 
Fig. 2. The temporal distribution of the normalized 

spot size at (a) z=10zr, (b) z=25zr, and (c) z=40zr with 

inclusion (dashed line) and without inclusion (solid 

line) of the pulse energy depletion. 

In order to compare the obtained result with the 

normalized laser pulse spot size in an ionizing 

gas, the laser pulse self-guiding was also 

investigated in the Nitrogen (N2) and Oxygen 

(O2) gases, respectively. The spatial and 

temporal distributions of the obtained results 

are presented in Figs. 3 and 4. 

Figure 3 shows the spatial distributions of the 

normalized laser spot size in Oxygen and 

Nitrogen gases at τ=0, 15, and 120 fs. As it is 

observed, the laser pulse undergoes diffraction 

as it propagates along the z axis in both of the 

Oxygen and Nitrogen gases which is expected. 

It is due to the increment of the plasma density 
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with the interaction length which is the same as 

what was observed in air. 

 
Fig. 3. The spatial distribution of the normalized 

laser spot size at τ=0 (a), τ=15 (b) and τ=120 fs (c) in 

Oxygen (dashed line) and Nitrogen (solid line) gases. 

Paying attention to the Oxygen curves, it is seen 

that the normalized spot size increases with a 

faster rate at the back of the pulse while it has 

its lowest values within the body of pulse. This 

is the trend which was also observed for air. It 

implies that the gas starts to ionize as the laser 

pulse passes through and as a result, the back of 

the laser pulse is affected more by the plasma 

defocusing effect. Moreover, as the laser pulse 

starts to diffract from its front and back; thus, 

the time of τ=15 fs which is within the body of 

the laser pulse, has the lowest diffraction.  

In addition, it is seen that the laser pulse has the 

lowest divergence while propagating in the 

Nitrogen gas whereas the highest diffraction 

occurs for the Oxygen. The reason is due to the 

fact that the Nitrogen gas has the highest 

ionization energy (15.6 eV) among these three 

mediums, while the Oxygen holds the lowest 

value (12.1 eV). Thus, the Oxygen gas 

undergoes ionization simply, in comparison 

with the air and the Nitrogen gas and as a result, 

the plasma forms more easily in the case of 

Oxygen which in turn has a pronounced 

defocusing effect. Comparing figures 1 and 3, it 

is seen that the laser pulse divergence in air, is 

larger than its divergence in Nitrogen and also 

smaller than the Oxygen gas. 

The temporal distribution of the normalized 

laser spot size at z=10zr, 25zr, and 40zr in the 

Oxygen and Nitrogen gases is presented in Fig. 

4. As the laser pulse spot size is almost constant 

up to z=10zr for both of the Oxygen and 

Nitrogen gases (Fig. 3), it is expected that the 

laser spot size dose not vary with τ at z=10zr 

which is clearly seen in Fig. 3(a). However, the 

spot size has a slight variation for the oxygen 

which is due to its lower ionization energy. 

Moreover, as the laser spot size increases with 

the interaction length, it is expected that the 

spot size starts to vary with τ as z increases. This 

is the trend which is obvious in parts (b) and (c) 

of the figure. Therefore, it is expected that the 

spot size variations become more pronounced 

for z=40zr. 

In addition, regarding the fact that the laser 

pulse diffraction is minimized within the body 

of the laser pulse while it is maximized at the 

back of the laser pulse, it is seen that the 

maximum of the normalized laser spot size 

occurs at τ=120 fs. The maximum values, in 

Oxygen gas, at z=25zr and z=40zr, are 3.64 and 

6.94 respectively; whereas the normalized spot 

size becomes minimized within the pulse with 

the values of 0.95 and 1.12 at z=25zr and z=40zr, 

respectively. It is noteworthy the spot size 

variations for the Nitrogen gas are relatively 

small in comparison with the Oxygen which is 

due to the its high ionization energy. 

Figure 5 shows the spatial distribution of the 

normalized laser intensity (it is normalized to 

I0) at τ=0, 15, and 120 fs. The laser intensity is 

defined as the power per unit area delivered by 

the laser pulse. Hence, the laser pulse spot size 

affects the laser intensity and as a result, it is 

expected that the laser intensity decreases as the 

laser spot size increases. 
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Fig. 4. The spatial distribution of the normalized 

laser spot size at (a) z=10zr, (b) z=25zr, and (c) z=40zr 

in Oxygen (dashed line) and Nitrogen (solid line) 

gases. 

  
Fig. 5. The spatial distribution of the normalized 

laser intensity at τ=0 (dashed line), τ=15 (dotted line) 

and τ=120 fs (solid line). 

Therefore, as the laser spot size increases with 

the propagation distance, it is expected that the 

laser intensity decreases as the laser propagates 

along the z axis. The trend obvious in Fig. 5 for 

all the curves. Moreover, the most intensity 

decrement is observed for the back of the laser 

pulse (τ=120 fs) which is diffracted the most 

while the slightest intensity decrement occurs 

for τ=15 fs which is diffracted the least. 

The temporal distribution of the normalized 

laser intensity at z=10zr, 25zr, and 40zr is shown 

in Fig. 6. As it is seen, the laser intensity has a 

slight variation with τ at z=10zr; which is due to 

the fact that laser spot size does not vary with τ 

and is almost constant at this point. However, 

the intensity variations become more 

pronounced at z=25zr which is due to the more 

spot size variations at this point. It is also 

obvious that the laser intensity experiences a 

maximum at τ=64 fs at which the laser spot size 

becomes minimum (Fig. 2). This trend, but with 

a wider intensity variation rang, is also 

observed at z=40zr with the maximum of the 

intensity located at τ=36 fs in which the laser 

spot size has its minimum value (Fig. 2).  

 
Fig. 6. The temporal distribution of the normalized 

laser intensity at z=0 (solid line), z=10zr (dashed 

line), z=25zr (dotted line) and z=40zr (dashed-dotted 

line). 

Figure 7 shows the spatial distribution of the 

normalized laser power (it is normalized to PNL) 

at τ=0, 15, and 120 fs. 

As it was stated in Fig. 1, the spot size remains 

almost unchanged up to z=20zr which within 

this range, the laser intensity does not vary 

significantly. Hence, the ionization takes place 

and the laser pulse power is depleted due to the 

ionization process. The decreasing trend of the 

laser power with z up to z=20zr, is the indicator 

of the mentioned depletion. However, the laser 
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pulse starts to diffract beyond z=20zr and as a 

result, the laser pulse intensity decreases 

significantly (Fig. 5). Therefore, the ionization 

process ceases and as a result, the laser pulse 

power does not deplete anymore and remains 

almost constant. This trend is obviously clear in 

the figure for =0, 15, and 120 fs. 

 
Fig. 7. The spatial distribution of the normalized 

laser power at τ=0 (solid line), τ=15 (dashed line) and 

τ=120 fs (dotted line). 

The temporal distribution of the normalized 

laser power at z=10zr, 25zr, and 40zr is shown in 

Fig. 8. 

As the laser intensity has slight variations with 

τ for z=10zr (Fig. 6), the air ionization occurs 

and as a result, the laser pulse power depletes 

and experiences a linear variation with τ. 

However, for z>20zr, due to the nonlinear 

intensity variations (Fig. 6), the ionization 

process depletes the laser pulse power 

nonlinearly; which is clearly observable for 

z=25zr and z=40zr in the figure. Moreover, as 

the intensity variation range is wider for z=40zr, 

the air ionization depletes the pulse power more 

significantly. This nonlinear depletion occurs 

within the body of the pulse which is due to the 

fact that the laser intensity and its consequent 

ionization are maximized within the pulse and 

hence, it is expected that that laser pulse power 

experiences a significant depletion within the 

pulse in comparison with its back and front. 

  
Fig. 8. The temporal distribution of the normalized 

laser power at z=0 (solid line), z=10zr (dashed line), 

z=25zr (dotted line) and z=40zr (dashed-dotted line). 

IV. CONCLUSION 

In this research, the self-guiding of an ultrashort 

laser pulse in air was studied in the multiphoton 

ionization regime. For this purpose, the terms 

of self-focusing, plasma defocusing and the 

pulse energy depletion due to the ionization 

were kept in the general form of the wave 

equation. Then the equation governing the laser 

pulse spot size was obtained using the source-

dependent expansion (SDE) method and was 

solved numerically. Our results showed that the 

laser pulse self-guiding occurred for the first 

twenty Rayleigh lengths. However, the laser 

underwent diffraction as it propagated further 

along the z  axis. Moreover, it was seen that the 

back of the laser pulse was diffracted the most 

which is due to the fact that the plasma was 

formed as the laser propagated through air. It 

was also shown that the spot size variations 

affected the temporal and spatial profiles of the 

laser intensity which in turn affected the air 

ionization influencing the laser pulse power. It 

was also observed that the ionization energy of 

the medium is a determining factor affecting the 

laser pulse diffraction. Our results are applied 

to the optimization of the laser pulse self-

guiding in electric discharge and weather 

control, remote sensing, high harmonic and 

THz generation and etc. 
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