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ABSTRACT- In this paper, by considering a system 

consisting of a single two-level trapped ion interacting with a 
single-mode quantized radiation field inside a lossless cavity, 
the temporal evolution of the ionic and the cavity-field 
quantum statistical properties including photon-counting 
statistics, quantum fluctuations of the field quadratures and 
quantum fluctuations of the ionic dipole variables are 
investigated. It is found that in the Lamb-Dicke limit it is 
possible for the cavity-field to evolve into a nonclassical state 
(squeezed state or state with sub-Poissonian statistics) and 
this possibility is solely affected by the internal and external 
quantum dynamics of the ion. Also it is found that the dipole 
squeezing may occur in the dynamics of the trapped ion 
which sensitively depends on quantum statistics of the cavity-
field. 

KEYWORDS: Trapped ion, cavity quantum electrodynamics, 
nonclassical properties 

I. INTRODUCTION 
Since the first single ion was experimentally realized [1], 
single trapped ion system has become a subject of 
increasing interest [2]-[6]. This increasing interest is due to 
its exclusive features such as isolation of the ion from the 
environment and localization of it to a few ten nanometers 
or below, which allows long interaction times with the 
field and makes it as a suitable system for high precision 
spectroscopy [7], quantum computation [8]-[10] and 
precision measurement of physical constants [11]. 

A semiclassical model describing the dynamics of 
trapped ions interacting with a traveling-wave light field 
was introduced by Blockley et al. [12]. An analogous 
model employing standing-wave light fields was proposed 
by Cirac et al. [13]-[14]. In these models a single two-level 
ion undergoes quantized vibrational motion within a 
harmonic trapping potential and interacts with a classical 
single-mode light field. It was found [12] that in the Lamb-
Dicke regime the dynamics of trapped ion can be described 
by a very simple Hamiltonian similar to that of the Jaynes-
Cummings model [15]. Later it was shown that beyond the 
Lamb-Dicke regime the vibrational motion of a trapped ion 
can be described by a strongly nonlinear Jaynes-Cummings 
model [16]-[18]. Within the framework of these Jaynes-
Cummings-like models, various aspects of the dynamics of 
trapped ions have been studied. For example, quantum 
nondemolition measurement of vibrational quanta of 
trapped ions has been analyzed theoretically [19] and 
several schemes proposed for generating nonclassical 
motional states of trapped ions, such as Fock states [20]-
[21], squeezed state [22]-[24], even and odd coherent 

states [25]-[26] and their various kinds of superpositions 
[27]-[29].These nonclassical motional states may be used 
to perform quantum computation [30] and study quantum 
decoherence effects [31]. Furthermore, several schemes 
proposed [32]-[34] for the reconstruction of quantum 
mechanical vibrational states of a trapped ion. One of these 
schemes has been successfully applied to the experimental 
reconstruction of the Wigner function of nonclassical states 
of the vibrational mode of a trapped ion [35]. 

On the other hand, under certain circumstances in which 
full quantization of the three subsystems becomes 
necessary, we have an interesting combination of two 
bosonic systems i.e., quantized vibrational motion of the 
ion and the quantized cavity-field coupled to a spin-like 
system i.e., the ion internal levels. A possibility is to place 
the ion inside a high-finess cavity in such a way that the 
quantized field gets coupled to the ion. This system 
provides the possibility of inspection of some known 
phenomena in cavity quantum electrodynamics with cold 
trapped ions and predicts some new phenomena which 
arise from the quantum nature of the field. In this regard, 
Zeng and Lin [36] and Buzek et al. [37] studied the 
influence of the field statistics on the ion dynamics, 
Parkins and Kimble [38] investigated the transfer of 
coherence between the motional states and the field and 
Semiao et al. [39] proposed a scheme for generation of 
matter-field Bell-type states. Furthermore, Buzek et al. 
[37] investigated the possibility of the construction of the 
fully correlated Greenberg-Horne-Zeilinger (GHZ) state 
[40]. 

In this contribution, our purpose is to investigate 
nonclassical properties of the cavity-field and the trapped 
ion in cavity quantum electrodynamics with cold trapped 
ion. We explore how the quantum dynamics of the ion 
influences on quadrature squeezing and sub-Poissonian 
statistics of the cavity-field and also how dipole squeezing 
of the ion depends on the field statistics. An outline of the 
present paper is as follows: in Section II we introduce the 
model describing the interaction of the trapped ion with the 
cavity-field in the Lamb-Dicke limit and we obtain the 
density operator of the system. In Section III we 
investigate the dynamical evolution of nonclassical 
properties of the cavity-field and the influences of internal 
and external dynamics of the ion on those properties. In 
Section IV we study the dynamics of quantum fluctuations 
of dipole variables of the cold trapped ion inside the cavity 
and the influence of field statistics on its evolution. Finally 
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we summarize our conclusions in Section V. 

II. PHYSICAL MODEL 
Consider a two-level ion of mass m confined to oscillate in 
a one-dimensional Paul trap, which is placed inside a high-
Q cavity. The Hamiltonian of this system may be written 
as [39] 

( )( ) ( )
0

ˆ ˆˆ ˆ ˆ

ˆ ˆˆ ˆ ˆ ˆsin ,

H e e a a b b

g b b a a

ω ν ω

σ σ η φ

+ +

+ − + +

= + + +

⎡ ⎤+ + + + +⎣ ⎦
 (1) 

where the first three terms describe the free Hamiltonian of 
the system and the last one describes the coupling of the 
external and internal degrees of freedom of the ion to the 
quantized cavity field. The operators â ( +â ) and b̂ ( +b̂ ), 
respectively, are the annihilation(creation) operators for the 
vibrational motion (with frequencyν ),and for the cavity-
field mode (with frequencyω ), ±σ̂  are the operators 

describing the transitions between upper ( e )and 

lower( g ) atomic levels, 0ω  is the atomic transition 
frequency, g  is the coupling constant of the ion–field 

interaction, )(2 ckmk ω=ν=η is the Lamb-Dicke 
parameter and φ  is the parameter which determines the 
position of the trap in the cavity. 

We are interested here in the behavior of the system for 
the small values of Lamb-Dicke parameter ( 1<<η ), 
where the motion of the ion is restricted to spatial 
dimensions small compared to the optical wavelengthλ . 
Furthermore, we assume the field mode is tuned to the first 
blue sideband )( 0 νωω += . Hence, under the rotating 
wave approximation the interaction part of the Hamiltonian 
reduces to  

( )int
ˆ ˆˆ ˆ ˆ ˆ ˆ .H g b a baη σ σ+ + + −= +  (2) 

This Hamiltonian describes the situation where the 
absorption (emission) of one photon results in excitation 
(de-excitation) of the ion and increasing (decreasing) of its 
vibrational motion by one quantum. The time evolution 
operator associated with this Hamiltonian in the two-
dimensional atomic basis is given by: 

1
ˆ ˆˆ ˆ ˆ ˆˆ ˆ ˆ( ) ,n n n nU t C e e C g g iS ba e g ib aS g e+ +

+= + − −  (3) 

where nnn SCC ˆ,ˆ,ˆ
1+  are given by: 

( )ˆ ˆˆ ˆ ˆcos ,nC gt a a b bη + +⎡ ⎤= ⎢ ⎥⎣ ⎦
 (4) 

 

( )1
ˆ ˆˆ ˆ ˆcos 1 ,nC gt a a b bη + +

+
⎡ ⎤= +⎢ ⎥⎣ ⎦

 (5) 

 

( )
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ˆ ˆˆ ˆsin 1
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ˆ ˆˆ ˆ 1
n

gt a a b b
S

a a b b

η + +

+ +

⎡ ⎤+⎢ ⎥⎣ ⎦=
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 (6) 

Now, we assume that the two-level trapped ion is 
initially prepared in a coherent superposition of the internal 

levels e  and g , 

.1     ,)0(ˆ 22*

,,

=+=ρ ∑
=

gej
geji

ii ccjicc  (7) 

 
The cavity-field and vibrational motion are supposed to be 
in generic states with density operators )0(ˆ fρ  and  )0(ˆ νρ  , 

respectively. Furthermore, we assume that the initial state 
of the system is direct product of these states 
( )0(ˆ)0(ˆ)0(ˆ)0(ˆ if ρ⊗ρ⊗ρ=ρ ν ).Using the time evolution 
operator (3) we obtain the following expression for the 
density operator of the system in the atomic basis,  
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Making use of the density operator (8), we can evaluate the 
mean values of the operators of interest. In the next two 
sections we shall use it to investigate the dynamical 
properties of the cavity-field and the trapped ion. 

III. DYNAMICAL PROPERTIES OF THE FIELD 
In this section we investigate the dynamical evolution of 
the nonclassical properties of the quantized radiation field 
which interacts with a single trapped ion within a high-Q 
cavity. 

A. Photon counting statistics  
One of the interesting nonclassical properties of quantized 
cavity-field, through the interaction with the single trapped 
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ion, is the sub-Poissonian photon statistics of the field 
state. We assume that the cavity-field is initially in a 

Glauber coherent state ∑
∞

=

β− β
=β

0

2

!

2

n

n
n

n
e ( θβ=β ie ). 

To determine the time evolution of the photon counting 
statistics we consider the Mandel Q parameter defined by 
[41]: 

22

2 2

ˆ ˆ( ) ( )
( ) 1  

ˆ( )

ˆ ˆˆ ˆ( ( ( )) ) ( ( ( ( )) ))
1.

ˆ ˆ( ( ( )) )
f a f a

f a

n t n t
Q t

n t

Tr Tr t n Tr Tr t n
Tr Tr t n

ρ ρ
ρ

−
= −

−
= −

 (13) 

For 0<Q ( 0>Q ) the statistics is sub-Poissonian (super-
Poissonian) and 0=Q stands for Poissonian statistics. 

 In Fig.1we have assumed the vibrational motion to be 
initially in a number state and plotted the Mandel 
parameter for different initial internal state (excited state, 
ground state and superposition of the ground state and the 
excited state) versus the scaled time gt. As it is seen, 
however it is possible for the field to evolve into a 
nonclassical state with sub-Poissonian statistics for each of 
those initial states (excited state, ground state and 
superposition of the ground state and the excited state) but 
initial excited state is the best candidate for obtaining 
nonclassical field state with sub-Poissonian statistics. It is 
noticeable that this behavior is different for an initial 
vacuum state of the vibrational motion because in this case 
for an initial excited state of the ion, the field remains in a 
coherent state through the interaction (Q=0). 

 

 
Fig. 1.Time evolution of the Mandel  parameter versus the scaled 
time gt for η=0.02 and for initial excited state ( ), ground 
state( ), and coherent superposition of the excited state and the 
ground state ( ). Here, we have assumed that the vibrational 
motion is initially prepared in the number state 4=m and the 

cavity field is initially in the coherent state β  with β=5. 

For an initial coherent state of the vibrational motion the 
effect of initial excited and ground states of the ion on the 
dynamical behavior of the Q parameter is almost the same 
as before (Fig.2). However, for an initial coherent 
superposition of the ground state and the excited state the 
possibility of evolution of the cavity-field statistics to a 
nonclassical state with sub-Poissonian statistics depends on 
the phase angle difference ( ϕ−θ ) between the coherent 
states of the cavity-field and the vibrational motion 

(
f

ie θβ ,
ν

ϕα ie ). For example, for 0=ϕ−θ  the 

evolution of the cavity-field into a nonclassical state with 
sub-Poissonian statistics is not possible. As it is seen from 
Fig.2, in this case as before the initial excited state is the 
best candidate for obtaining nonclassical field state with 
sub-Poissonian statistics. Hence, the dynamical behavior of 
the Mandel parameter is solely determined by the initial 
states of the internal and external degrees of freedom of the 
trapped ion. 

 

 

Fig. 2. Time evolution of the Mandel parameter versus the scaled 
time gt, for η=0.02 and for initial excited state ( ), ground 
state( ), and coherent superposition of the excited state and the 
ground state ( ).Here, we have assumed that the vibrational 
motion is initially prepared in the coherent state α  with 

|α|=2and the cavity field is initially in coherent state β  with 

|β|=5and θ=π/4 . 

B. Quadrature squeezing of the cavity-field  

The investigation of photon counting statistics relates to 
the intensity of the field and its fluctuations. On the other 
hand, investigation of the quantum fluctuations of the 
quadrature amplitudes of the electromagnetic field 
concerns with a different aspect of nonclassical properties 
of the field i.e., quadrature field squeezing . The field in a 
squeezed state exhibits fluctuations in one quadrature 
component below the standard quantum limit (at the 
expense of increased fluctuation in the other quadrature 
component).Quadrature field squeezing is defined in terms 
of the two Hermitian operators 1X̂  and 2X̂ defined by [42]  

 

( )

( )

1

2

1ˆ ˆ ˆ , 
2
1ˆ ˆ ˆ .
2

X a a

X a a
i

+

+

= +

= −
 (14) 

A state of the field is said to be squeezed in  ˆ
iX variable 

when the squeezing parameter 1,2)(i =iS  is negative  
 

2),or    1(i    0 1)ˆ(4)( 2 =<−∆≡ ii XtS  (15) 

where  

.ˆˆ)ˆ(
222

iii XXX −=∆  (16) 
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Fig. 3. Time evolution of the squeezing parameter S1 versus the 
scaled time gt for η=0.02 and for initially excited state ( ), 
ground state( ), and coherent superposition of the excited state 
and the ground state ( ).Here, we have assumed that the 
vibrational motion is initially prepared in the coherent state α  

with α=2and the cavity field is initially in coherent state β  with 

β=5. 

Considering the cavity-field is initially prepared in a 
coherent state we now investigate the possibility of 
squeezing of the quadrature amplitudes of the field through 
the interaction with trapped ion. Also, we explore the 
effect of internal and external dynamics of the ion on the 
time evolution of the squeezing parameter )(tSi . In Fig.3 
the effect of internal dynamics of the trapped ion on the 
squeezing parameter )(1 tS is shown. As it is seen, the 
temporal behavior of the squeezing parameter of the 
quantized cavity-field depends considerably on the internal 
state of the trapped ion. Besides, the effect of the initial 
state of the external degree of freedom of the trapped ion 
on the temporal evolution of the squeezing parameter 1S  
is plotted in Fig.4. As it is seen, for an initially coherent 
state of the vibrational motion, the quadrature field 
squeezing is not possible (initial internal state is ground 
state) but for initial Fock state (even for initial vacuum 
state) of the vibrational motion, the field squeezing may 
occur. It is also noticeable that the possibility of the 
quadrature amplitude squeezing of the field depends very 
sensitively on the phase angle of the coherent state of the 
radiation field (θ). 

IV. DYNAMICAL EVOLUTION OF THE IONIC DIPOLE 
SQUEEZING 

In this section we study the time evolution of the 
quantum fluctuations of the ionic dipole variables and 
explore the effect of the cavity-field statistics on it. For this 
purpose, we consider the two slowly varying Hermitian 
quadrature operators 

 
Fig. 4. Time evolution of the squeezing parameter S1 versus the 
scaled timegt for η=0.02 and for an initially coherent state α  

with α=2 ( ), an initially Fock state 4=m ( ), and an 

initially vacuum state 0=m  ( ) of the vibrational motion. 

Here, we have assumed that the initial internal state is the ground 
state and the cavity- field is initially in the coherent state β  

with β=5. 

( )

( )

1ˆ ˆ ˆ ,
2
1ˆ ˆ ˆ .,
2

x

y i

σ σ σ

σ σ σ

+ −

+ −

= +

= −
 (17) 

These Hermitian operators correspond respectively, to the 
dispersive and absorptive components of the amplitude of 
atomic polarization [43]. Commutation of xσ̂  and yσ̂  is  

 

ˆ ˆ ˆ, 2y y ziσ σ σ⎡ ⎤ =⎣ ⎦  (18) 

 

Hence the variances 222 ˆˆ)ˆ( iii σ−σ=σ∆ ( yxi  ,  = ) 

satisfy the uncertainty relation 
222 ˆ

16
1)ˆ()ˆ( zyx σ≥σ∆σ∆  (19) 

Fluctuations in the component iσ̂ ( yorxi    = ) are said to 
be squeezed if the variance in iσ̂ satisfies the condition  

)(    ˆ
4
1)ˆ( 2 x  or  yizi =σ<σ∆ . (20) 

Since
4
1ˆ 2 =σ i , we can write the dipole squeezing 

condition as  

).(     0ˆˆ41 2 x  or  yiF zii =<σ−σ−=  (21) 

 Now we assume that the trapped ion is initially prepared 
in the excited state e  ( 0=gc ) and its vibrational motion 

is initially prepared in a coherent state ϕα ie . Using (8) 

we obtain the expectation values of the ionic operators as  

( )( ) ( )

1, , 1 , 1 1,
,

ˆ ( (0) (0) (0) (0))
2

                     sin 1 1 cos 2 ,

f f
x n n m m n n m m

m n

i

gt m n gt m n

ν νσ ρ ρ ρ ρ

η η

+ + + += −

⎡ ⎤ ⎡ ⎤+ + +⎣ ⎦ ⎣ ⎦

∑
(22) 
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Fig. 5. Time evolution of  )(2 tF corresponding  to the 

squeezing of 2σ̂   for η=0.02and for initial coherent state of the 
cavity- field with the amplitude |β|=5with different phase angle 
θ=0 ( ) θ=π/6 ( )and θ=π/4( ) Here, we have assumed the 
vibrational motion  is prepared in the initial coherent state α  

with α=2and the ion is initially in the excited state e . 

( )( ) ( )

1, , 1 , 1 1,
,

1ˆ ( (0) (0) (0) (0))
2

                      sin 1 1 cos 2 ,

f f
y n n m m n n m m

m n

gt m n gt m n

ν νσ ρ ρ ρ ρ

η η

+ + + += +

⎡ ⎤ ⎡ ⎤+ + +⎣ ⎦ ⎣ ⎦

∑
(23) 

 

( ), ,
,

1 ˆˆ (0) (0) cos 2 1 .
2

f
z m m n n

m n
gt m nνσ ρ ρ η⎡ ⎤= +⎣ ⎦∑  (24) 

It is evident that for the field in an initial Fock state 
0)0()0( ,11, =ρ=ρ ++

f
nn

f
nn  and thus 0ˆˆ =σ=σ yx . It 

means that for the initial number state of the field 
 0ˆ1 >σ−= ziF and the dipole squeezing is not 

possible. However, for the field in the initial coherent state, 
the dipole squeezing may occur. The possibility of the 
dipole squeezing in this case depends very sensitively on 
the phase of the coherent state of the field (Fig.5). 
Furthermore, for the field initially prepared in a 
Schrödinger cat state ⎟

⎠
⎞

⎜
⎝
⎛

⎥⎦
⎤

⎢⎣
⎡ β+β=ψ θ−θ 2)0( ii

f
eeN   the 

dipole squeezing may occur (Fig.6). However, for this 
initial state of the field the possibility of the dipole 
squeezing depends on the phase angle of the coherent state 
of the vibrational motion )(ϕ  and the phase angle between 
the amplitudes of the two components of the Schrödinger 
cat state of the field ( θ ). For example, for the field in even 

coherent state (with 2π=θ ) 0ˆˆ =σ=σ yx and thus the 

dipole squeezing never take place. In Fig.6 we have 
displayed the effect of various field statistics on the dipole 
squeezing in 1σ̂ . 

V. SUMMARY AND CONCLUSION 
In this paper, by considering a system consisting of a 
single trapped ion interacting with a single-mode quantized 
radiation field inside a high-finesse cavity, we have 
investigated the dynamical evolution of the nonclassical 
properties of the cavity-field and the trapped ion including 
photon-counting statistics, quantum fluctuations of the 
cavity-field quadratures and quantum fluctuations of the 
ionic dipole variables. For this purpose, we have assumed  

 
Fig. 6. Time evolution of 1( )F t corresponding to the squeezing of 

1σ̂  for η=0.02 and for coherent state with the amplitude|β|=5 

( ), number state 25=n  ( ) and Schrödinger cat state 

with β|=5 and θ=π/6 ( )of the cavity- field .Here, we have 
assumed the vibrational motion  is prepared in the initial 
coherent state )2exp( πα i  with |α|=2and the ion is initially in 

the excited state e . 

in the Lamb-Dicke limit the field-mode is tuned to the first 
blue sideband and we have obtained the density operator of 
the system. It is found that 

1. It is possible for the cavity-field to evolve into a 
nonclassical state with sub-Poissonian statistics and 
the possibility of this evolution depends sensitively 
on the initial state of the internal and external 
degrees of freedom of the trapped ion. 

2. It is possible for the cavity-field to evolve into a 
squeezed state and the possibility of field squeezing 
through the interaction with trapped ion is 
considerably dependent on the initial state of the 
internal and external degrees of freedom of the 
trapped ion. 

3. The temporal evolution of the quantum fluctuations 
of the ionic dipole variables and the possibility of 
the dipole squeezing is solely dependent on the field 
statistics. 

4. For the field in the initial coherent state the 
possibility of the dipole squeezing depends very 
sensitively on the phase of the coherent state of the 
field. 

These results can be used in the preparation of the 
nonclassical states of the field and high precision 
measurement of the absorption and dispersion of the light 
through the interaction with trapped ion. 
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